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ABSTRACT
Optical properties of dust aggregates are important at various astrophysical environments. To find a reliable ap-
proximation method for optical properties of dust aggregates, we calculate the opacity and the asymmetry parameter
of dust aggregates by using a rigorous numerical method, the T-Matrix Method (TMM), and then the results are
compared to those obtained by approximate methods; the Rayleigh–Gans–Debye (RGD) theory, the effective medium
theory (EMT), and the distribution of hollow spheres method (DHS). First of all, we confirm that the RGD theory
breaks down when multiple scattering is important. In addition, we find that both EMT and DHS fail to reproduce
the optical properties of dust aggregates with fractal dimension of 2 when the incident wavelength is shorter than the
aggregate radius. In order to solve these problems, we test the mean field theory (MFT), where multiple scattering
can be taken into account. We show that the extinction opacity of dust aggregates can be well reproduced by MFT.
However, it is also shown that MFT is not able to reproduce the scattering and absorption opacities when multiple
scattering is important. We successfully resolve this weak point of MFT, by newly developing a modified mean field
theory (MMF). Hence, we conclude that MMF can be a useful tool to investigate radiative transfer properties of various
astrophysical environments. We also point out an enhancement of the absorption opacity of dust aggregates in the
Rayleigh domain, which would be important to explain the large millimeter-wave opacity inferred from observations
of protoplanetary disks.
Keywords: opacity, planets and satellites: atmospheres, protoplanetary disks, radiative transfer, scat-
tering
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1. INTRODUCTION
Dust aggregates are ubiquitous at various astrophys-
ical environments where coagulation of dust particles
can take place, such as molecular clouds (Ormel et al.
2009, 2011; Steinacker et al. 2010), protoplanetary disks
(Blum & Wurm 2008; Okuzumi et al. 2012), and plan-
etary atmospheres (Marley et al. 2013). Optical prop-
erties of dust aggregates are key ingredients of the ra-
diative transfer in these environments, and these often
govern observational appearance of the environments.
Optical properties of dust aggregates have been cal-
culated by using numerical methods, such as the T-
Matrix Method (TMM; Mishchenko et al. 1996) and
the Discrete Dipole Approximation (DDA; Purcell &
Pennypacker 1973; Draine & Flatau 1994). By using
these techniques, a multitude of numerical studies have
been performed (e.g., Kimura et al. 2016; Silsbee &
Draine 2016). Unfortunately, these numerical methods
are still computationally demanding, in particular, when
the size parameter of aggregate particles becomes large,
and hence approximate methods are useful for many as-
trophysical purposes. Many approximate methods have
been proposed so far (e.g., Bohren & Huffman 1983; Os-
senkopf 1991; Mukai et al. 1992; Stognienko et al. 1995;
Botet et al. 1997; Voshchinnikov et al. 2005; Voshchin-
nikov et al. 2007; Min et al. 2003, 2005, 2008, 2016);
however, it still remains unclear which of them can reli-
ably reproduce optical properties of aggregate particles.
In the series of this paper, we study optical properties
of dust aggregates using TMM and investigate a fast and
reliable approximate method which is able to reproduce
the TMM results. A byproduct of finding a reliable ap-
proximation is that it leads to better, or sometimes intu-
itive, understanding of their optical properties. Tazaki
et al. (2016, henceforth Paper I) studied the angular
dependence of the scattering of fractal dust aggregates,
such as the phase function and the degree of polariza-
tion and showed that the Rayleigh–Gans–Debye (RGD)
theory is an useful method for calculating these proper-
ties. This study examines the angle-integrated optical
properties of dust aggregates, such as the opacity and
the asymmetry parameter.
This paper also attempts to relax a limitation of the
RGD theory studied in Paper I. Because the RGD the-
ory is a single scattering theory, it is applicable when
multiple scattering is sub-dominant. This limitation is
expected to be relaxed by considering the multiple scat-
tering effect. For this purpose, we adopt the mean field
assumption (Berry & Percival 1986). With this assump-
tion, multiple scattering can be solved self-consistently,
while keeping most of the formulation of the RGD theory
preserved (Botet et al. 1997). We refer to this approach
as the mean field theory (MFT). In this paper, we test
the validity of MFT and discuss whether it is a reliable
approximation or not. If not, we propose an alternative
method.
Furthermore, we test the validity of other widely used
approximate methods, such as the effective medium the-
ory (EMT; Mukai et al. 1992; Henning & Stognienko
1996; Min et al. 2008) and the distribution of hollow
spheres method (DHS; Min et al. 2003, 2005, 2016).
For example, these methods have been commonly used
in both observational and theoretical studies of circum-
stellar environments (e.g.. Ormel et al. 2011; Min et al.
2012; Kataoka et al. 2014; Cuzzi et al. 2014; Woitke et al.
2016).
In the EMT method, a dust aggregate is approximated
by a single homogeneous sphere, and then the Mie the-
ory (Bohren & Huffman 1983) is applied to obtain the
optical properties. In this method, information of the
dust aggregate, such as the size, the porosity and the
composition, is reduced to a quantity, so-called the ef-
fective dielectric function. Paper I showed that EMT
cannot reproduce the phase function of fluffy dust aggre-
gates. In this paper, we study the validity of EMT in the
calculations of the opacity and the asymmetry parame-
ter. Our primary focus is large relatively porous dust ag-
gregates; ballistic cluster cluster agglomerates (BCCA)
and ballistic particle cluster agglomerates (BPCA). Shen
et al. (2008) studied the validity of EMT for small and
compact ballistic dust aggregates, such as BPCA and
more compact dust aggregates.
DHS is an approximate method to mimic optical prop-
erties of irregularly shaped particles (Min et al. 2005,
2016). In the DHS method, optical properties of dust
aggregates are obtained by using those of hollow spheres.
DHS seems to capture optical properties of irregularly
shaped particles in the Rayleigh domain, such as an en-
hancement of the absorption opacity and the red shifted
solid state feature (Min et al. 2003, 2006). The appli-
cability of DHS to the larger particles has been mainly
tested using compact dust aggregates (porosity of 25%
in Min et al. (2016)); therefore, in this paper, we test
the applicability of DHS to large fluffy dust aggregates
(porosity & 85%).
It is known that coagulation of dust particles leads
to an enhancement of the absorption opacity in the
Rayleigh domain (Wright 1987; Bazell & Dwek 1990;
Kozasa et al. 1992; Mackowski 1995; Henning et al. 1995;
Stognienko et al. 1995; Mackowski 2006; Ko¨hler et al.
2011). In the case of protoplanetary disks, a value of
the absorption opacity at millimeter wavelength is im-
portant because it is often used to derive the disk dust
mass (Beckwith et al. 1990). We investigate how an
enhancement of the absorption opacity of the dust ag-
gregate depends on its number of monomers, structure,
and composition. In addition, we also discuss the meth-
ods that might be used to approximate this effect.
This paper is organized as follows. In Section 2, we
summarize light scattering models of fractal dust aggre-
gates based on the RGD theory and MFT. In Section 3,
we show that MFT can reproduce the extinction opacity;
however, MFT fails to reproduce the scattering and ab-
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sorption opacities. We propose a modification to MFT,
a modified mean field theory (MMF), whose validity is
also tested in this section. In Section 4, we compare the
optical properties obtained by other approximate meth-
ods (EMT and DHS) to those obtained by TMM and
discuss their validity. In Section 5, we study an enhance-
ment of the absorption opacity of dust aggregates in the
Rayleigh domain. Section 6 summarizes the results of
this study. Table 1 shows the list of abbreviations of
various methods used in this paper.
2. LIGHT SCATTERING MODELS
Light scattering models for fractal dust aggregates are
presented. For the sake of simplicity, we consider dust
aggregates of identical monomers. For many astrophys-
ical purposes, orientation averaged optical properties of
dust aggregates are important. Hence, we consider opti-
cal properties of the dust aggregates averaged over ran-
dom orientations.
Light scattering models described below are based on
the statistical distribution of monomers in the aggregate.
Once the optical properties are averaged over random
orientations, these properties are well described by the
aggregate model with a statistically isotropic distribu-
tion of monomers. As a consequence, the random orien-
tation assumption makes light scattering models rather
simple, e.g., scattering properties do not depend on the
zenith angle (see e.g., Paper I). A caveat of the sta-
tistically isotropic assumption is that applications to
dichroic extinction or polarized emission are precluded.
The calculation of MFT has the following three steps.
The first step is to calculate optical properties of a
monomer particle (Section 2.1). At the second step, in-
terference of scattered waves from each monomer is cal-
culated under the single scattering assumption (Section
2.2), where the statistical arrangement of monomers is
assumed (see Section 2.4). The final step is to calculate
multiple scattering using the mean field approximation
(Section 2.3). Note that the first and second steps cor-
respond to the RGD theory (Paper I).
2.1. Optical properties of a spherical monomer
Light scattering models presented below are applica-
ble to a single monomer size and single isotropic com-
position. In this paper, all monomers are assumed to
be spherical, and hence the Mie theory (Bohren & Huff-
man 1983) can be used to obtain optical properties of
the monomer.
In what follows, we adopt the same notation as Bohren
& Huffman (1983). For an isolated sphere, the expan-
sion coefficients of the scattered field in vector spherical
harmonics are related to those of the incident field via
the Lorenz–Mie coefficients (an, bn) (Bohren & Huffman
1983):
an=
mψn(mx)ψ
′
n(x)− ψn(x)ψ′n(mx)
mψn(mx)ξ′n(x)− ξn(x)ψ′n(mx)
, (1)
bn=
ψn(mx)ψ
′
n(x)−mψn(x)ψ′n(mx)
ψn(mx)ξ′n(x)−mξn(x)ψ′n(mx)
, (2)
where m is the complex refractive index, x = kR0 is
the size parameter of the monomer, R0 is the radius
of the monomer, k is the wavenumber in vacuum, and
ψ and ξ are the Riccati–Bessel functions. Once the
Lorenz–Mie coefficients are obtained, optical properties
of the monomer, e.g., the opacity and the scattering ma-
trix, are immediately derived (e.g., Bohren & Huffman
1983). For example, the extinction cross section can be
obtained by the optical theorem:
C0ext =
2pi
k2
∞∑
n=1
(2n+ 1)Re(an + bn), (3)
where C0ext represents the extinction cross section of the
individual monomer and superscript “0” denotes a sin-
gle monomer. The elements of the amplitude scattering
matrix are
S01 =
∞∑
n=1
2n+ 1
n(n+ 1)
(anpin + bnτn), (4)
S02 =
∞∑
n=1
2n+ 1
n(n+ 1)
(anτn + bnpin), (5)
where pin = P
1
n/ sin θ and τ = dP
1
n/dθ, where P
1
n is the
Legendre Polynomials. Using Equations (4 and 5), one
can calculate scattering matrix elements (see Chapter
3 of Bohren & Huffman 1983). For example, the (1,1)
element of the scattering matrix, S11, which is related
to the scattered intensity, can be expressed as
S011 =
1
2
(|S01 |2 + |S02 |2). (6)
2.2. RGD theory
The RGD theory, or the first order of the Born approx-
imation, calculates the interference of scattered waves
from every monomer taking the aggregate structure into
account (e.g., Paper I). In the RGD theory, the aggre-
gate structure is specified by using the two-points cor-
relation function. The RGD theory can be applicable
when 1
|m− 1|<2, (7)
∆φ< 1, (8)
where ∆φ is the (maximum) phase shift of the dust ag-
gregate defined by
∆φ = max(2x|m− 1|, 2xc|meff − 1|), (9)
1 The criterion was slightly modified from Paper I based on the
argument presented in Sections 3.2 and 3.5.
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Table 1. Computational methods used in this paper
Acronym Name Relevant paper(s)
TMM T-Matrix Method Mackowski & Mishchenko (1996)
RGD Rayleigh–Gans–Debye theory Paper I
MFT Mean Field Theory Berry & Percival (1986); Botet et al. (1997)
MMF Modified Mean Field Theory This study
EMT (MG-Mie) Mie theory with Maxwell-Garnett mixing rule Mukai et al. (1992); Kataoka et al. (2014)
EMT (APMR-Mie) Mie theory with aggregate polarizability mixing rule Min et al. (2008)
DHS Distribution of hollow spheres Min et al. (2005, 2016)
CDE Continuous distribution of ellipsoids Bohren & Huffman (1983)
where xc = kRc is the size parameter of the dust aggre-
gate, Rc is the characteristic radius of the dust aggre-
gate defined by Rc =
√
5/3Rg, where Rg is the radius
of gyration defined by Equation (14) in Paper I, and
meff is the effective refractive index of the dust aggre-
gate calculated by using the Maxwell-Garnett mixing
rule (Maxwell Garnett 1904).
In the RGD theory, the absorption cross section of the
dust aggregate, C
(RGD)
abs , can be written as
C
(RGD)
abs = NC
0
abs (10)
where N is the number of monomers and C0abs represents
the absorption cross section of the individual monomer
(Berry & Percival 1986). It follows from Equation (10)
that the mass absorption opacity of dust aggregates be-
comes exactly the same as that of the monomer. The
scattering cross section of the dust aggregate, Csca, is
defined as
Csca =
2pi
k2
∫ pi
0
S11,agg(θ) sin θdθ (11)
where θ is the scattering angle and S11,agg is the (1,1)
element of the scattering matrix of dust aggregates. As
shown in Paper I, the (1,1) element of the scattering
matrix of dust aggregates obtained by the RGD theory,
S
(RGD)
11,agg , can be written by
S
(RGD)
11,agg (θ) = N
2S011(θ)S(q), (12)
where S(q) is the static structure factor (or the sim-
ply structure factor) and q = 2k sin(θ/2) is a magni-
tude of the scattering vector. The static structure fac-
tor specifies the statistical arrangement of monomers in
the aggregate, and it is equivalent to the Fourier trans-
form of the two-points correlation function (see Section
2.4 for more detail). The scattering cross section of
the dust aggregate in the RGD theory, C
(RGD)
sca , can be
obtained by substituting Equation (12) into Equation
(11). The extinction cross section is then calculated by
C
(RGD)
ext = C
(RGD)
sca + C
(RGD)
abs .
2.3. MFT
The effect of multiple scattering can be readily im-
plemented by means of the mean field approximation
(Berry & Percival 1986; Botet et al. 1997). One advan-
tage of the mean field approximation is that it preserves
the optical theorem. Conversion from the RGD theory
to MFT can be achieved by replacing the Lorenz–Mie
coefficients of the monomer by
(an, bn)→ (d¯(1)1,n, d¯(2)1,n) (13)
where d¯
(1)
1,n and d¯
(2)
1,n are coefficients of the mean field ob-
tained from a set of linear equations (Botet et al. 1997)
d¯
(1)
1,n=an
{
1− (N − 1)
∞∑
ν=1
A¯1,ν1,nd¯
(1)
1,ν + B¯
1,ν
1,nd¯
(2)
1,ν
}
,(14)
d¯
(2)
1,n= bn
{
1− (N − 1)
∞∑
ν=1
B¯1,ν1,nd¯
(1)
1,ν + A¯
1,ν
1,nd¯
(2)
1,ν
}
,(15)
where coefficients A¯1,ν1,n and B¯
1,ν
1,n are defined in Appendix
A. The first terms in the parenthesis of right hand side of
Equations (14, 15) correspond to the external field, and
the second terms represent the contribution of multiply
scattered light in the dust aggregate. In the absence of
multiple scattering, the second terms in the parenthesis
become zero; therefore, (d¯
(1)
1,n, d¯
(2)
1,n) = (an, bn). Thus, the
formulation of MFT coincides with the RGD theory.
The harmonic expansions in Equations (14, 15) are
truncated at the order of ν0. We set ν0 as the closest
integer to x+ 4x1/3 + 2 (Bohren & Huffman 1983). Us-
ing Equations (14, 15), the mean field (d¯
(1)
1,n, d¯
(2)
1,n) can
be obtained by inversion of a 2ν0× 2ν0 complex matrix.
Therefore, the matrix size depends only on the monomer
size parameter, and then the computational cost of ma-
trix inversion is irrelevant to the number of monomers.
Therefore, optical properties of dust aggregates with a
large number of monomers can be readily computed.
Once (d¯
(1)
1,n, d¯
(2)
1,n) are obtained, one can readily cal-
culate optical properties of fractal dust aggregates. In
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MFT, the extinction cross section of the dust aggregate
is simply the sum of the extinction cross section of the
individual monomer; hence, we have
C
(MFT)
ext =
2piN
k2
∞∑
n=1
(2n+ 1)Re(d¯
(1)
1,n + d¯
(2)
1,n), (16)
where we have used Equations (3 and 13) (Botet et al.
1997). Similarly, the scattering cross section is obtained
by using Equations (11, 12, 13). The absorption cross
section is then obtained by C
(MFT)
abs = C
(MFT)
ext −C(MFT)sca .
2.4. Static structure factor
Computations of the RGD theory and MFT require
calculations of the static structure factor. The role of the
static structure factor is to specify the aggregates struc-
ture. In this paper, we assume that the monomer dis-
tribution in the aggregate is statistically isotropic (Pa-
per I). Because the static structure factor is the Fourier
transform of the two-points correlation function g(u), it
can be written as
S(q) =
∫ ∞
0
g(u)4piu2
sin(qu)
qu
du. (17)
The meaning of g(u) is a probability to find a pair of
monomers separated by a distance u. In the case of
fractal dust aggregates, the explicit expression of g(u) is
available (e.g., Paper I):
g(u) =
1
4piR3g
(
u
Rg
)df−3
fc
(
u
Rg
)
+
1
N
δ(u), (18)
where fc represents the cut-off of the two-points cor-
relation function, df is the fractal dimension, and δ is
the Dirac delta function. Note that the radius of gy-
ration and the monomer radius are related via N =
k0(Rg/R0)
df , where k0 is the fractal prefactor. In Equa-
tion (18), the Dirac delta function is inserted so that
self-correlation is taken into account (Paper I). Several
models of the cut-off function fc have been proposed so
far, such as the exponential cut-off (Berry & Percival
1986), Gaussian cut-off (Sorensen 2001; Paper I), and
fractal dimension cut-off (Botet et al. 1995), and those
have the forms of
fc
(
u
Rg
)
=
21−df d
df /2
f
Γ(df/2)
exp
[
−df4 (u/Rg)2
]
, (GAUSS)
{df (df+1)/2}df /2
Γ(df )
exp
[
−(df (df+1)2 )1/2(u/Rg)
]
, (EXPTL)
df
2 exp[− 12 (u/Rg)df ]. (FLDIM)
(19)
Botet et al. (1995) found that the FLDIM cut-off model
seems to be appropriate choice for dust aggregates with
df ≤ 2. What is the appropriate choice of the cut-off
function for dust aggregates with df > 2? For df = 3,
both the GAUSS and FLDIM models can produce the
extinction cross section to an accuracy better than 20%
(see Appendix B for more detail). However, the EXPTL
model is not able to reproduce the extinction opacity of
BPCA.
The FLDIM model is slightly more accurate than the
GAUSS model. On the other hand, an advantage of
the GAUSS model over the FLDIM model is that the
computation is fast because integration of Equation (17)
can be done analytically (Paper I). In this paper, we use
the FLDIM model in computations of the RGD theory
and MFT.
3. OPACITY OF FRACTAL DUST AGGREGATES
3.1. Set up
We consider two types of fractal dust aggregates,
BCCA and BPCA. Typically, BCCA have df = 1.9 and
k0 = 1.03, corresponding to the fluffy structure, and
BPCA have df = 3.0 and k0 = 0.3, corresponding to
the compact structure (see also Figure 1 of Paper I).
Although BPCA have df = 3, a porosity of the aggre-
gates is typically high, which is around 86%. For op-
tical properties of more compact dust aggregates, see
e.g., Shen et al. (2008, 2009); Min et al. (2016). We
calculate optical properties of BCCA and BPCA us-
ing TMM. Calculations of TMM are performed using
the Fortran 77 code SCSMFO1B.FOR2 (Mackowski &
Mishchenko 1996) armed with the Quasi Monte Carlo
method (Okada 2008). The Quasi Monte Carlo method
is a method that enables fast computation of orienta-
tion averaging of dust aggregates. In our TMM calcu-
lations, optical properties of each aggregate is averaged
over 30 different orientations. In addition, we produce
10 (4) different BCCA (BPCA) with the same number
of monomers, and then their optical properties are av-
eraged. We use the optical constants of astronomical
silicate (Draine & Lee 1984; Laor & Draine 1993), and
the material density is assumed to be 3.3 g cm−3.
Denote NO by the number of orders retained in the
harmonic expansions of each monomer. The required
value ofNO for convergence depends on the refractive in-
dex and the proximity of neighboring monomers (Mack-
owski 1994). Because astronomical silicate has large val-
ues of the refractive index at FIR and mm wavelengths
(see e.g., Figure 3 of Paper I), large NO value is re-
quired for convergence even if the monomer radius is
much smaller than the wavelength (see e.g., Mackowski
1994, 1995, 2006). In order to attain convergence at
FIR and mm wavelengths for astronomical silicate, we
set NO = 10 for λ > 10 µm. For the case of a two-sphere
2 The code is available on ftp://ftp.eng.auburn.edu/pub/
dmckwski/scatcodes/. A newer version of this code is available
at http://www.eng.auburn.edu/~dmckwski/scatcodes/.
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cluster, NO = 10 gives rise to the relative error of the
extinction cross section less than 0.35%. For λ < 10 µm,
we truncate the harmonic expansion of each monomer
particle until the error torrence of the extinction effi-
ciency of 10−4 is attained.
3.2. Validity of MFT and the RGD theory
We calculate the opacities of BCCA and BPCA using
TMM, the RGD theory, and MFT. The monomer radius
and the number of monomers are set as R0 = 0.1 µm
and N = 1024, respectively. Hence, BCCA and BPCA
have the radii of gyration of Rg = 3.73 µm and Rg =
1.51 µm, respectively (see Table 1 in Paper I). In Figure
1, we show the wavelength dependence of opacities of
the BCCA and BPCA models.
First of all, the extinction opacities of the BCCA and
BPCA models are discussed. At ∆φ < 1 (longer wave-
length domain), the RGD theory can reproduce the ex-
tinction opacities of both BCCA and BPCA models. On
the other hand, at ∆φ > 1, the opacities obtained by
the RGD theory are significantly overestimated. This is
because at ∆φ > 1, multiple scattering cannot be negli-
gible, and hence the single scattering assumption of the
RGD theory breaks down. As a result, it is found that
the validity of the RGD theory can be well predicted
by Equation (8)3. In order to obtain correct opacities
at ∆φ > 1, we use MFT, where multiple scattering can
be taken into account. Surprisingly, MFT can repro-
duce the extinction opacities of both the BCCA and
BPCA models. The extinction opacities obtained by
MFT agree with the TMM results to an accuracy of
≤ 25% and ≤ 15% for both BCCA and BPCA models,
respectively.
Secondly, we discuss the scattering and absorption
opacities of BCCA and BPCA models. As we have dis-
cussed so far, MFT can account for the extinction opac-
ity well. However, as shown in Figure 1, the scattering
and absorption opacities obtained by MFT deviate from
the TMM results when ∆φ > 1. This reason is discussed
in Section 3.3 and Appendix C.
Finally, we mention convergence of the TMM results
to the geometrical optics limit at the short wavelength
domain. Horizontal solid lines in Figure 1 indicate the
opacity in geometrical optics limit, where the geomet-
rical cross sections are obtained by using the empirical
formulae derived by Minato et al. (2006). Note that, in
the case of extinction, the opacity is a twice of the geo-
metrical cross section divided by the mass of the aggre-
gate. It can be seen from Figure 1 that when ∆φ & 10,
3 Paper I used double inequality in their Equations (5, 6, and
7) as the condition of the RGD theory. However, from Figure
1, we conclude that the double inequalities are too conservative,
and hence, the double inequalities in their Equations (5, 6, 7)
should be replaced by single inequalities to represent more realistic
conditions of the RGD theory.
the extinction opacities obtained by TMM agree with
those obtained from the geometrical optics limit.
3.3. Interpretations of the MFT results
Figure 1 shows that MFT gives reliable results for the
extinction opacity at arbitrary ∆φ, but it fails to repro-
duce the scattering and absorption opacities at ∆φ > 1.
The incorrect behavior of MFT is due to the fact that
the single scattering albedo at multiple scattering do-
main obtained by MFT is exactly the same as that of
the RGD theory, which is a single scattering theory (see
Appendix C for more detail).
In order to demonstrate that the error of single scat-
tering albedo correlates with the incorrect behavior of
the scattering and absorption opacities, we show the
relative errors of MFT in Figure 2. Let ∆ω denote
the residual in the single scattering albedo between the
RGD theory and the TMM results; hence, we can write
∆ω ≡ ω(RGD) − ω(TMM), where ω(RGD) and ω(TMM)
represent the single scattering albedo calculated by the
RGD theory and TMM. Since the RGD theory tends to
overestimate the albedo, ∆ω > 0. Suppose the extinc-
tion cross section obtained by MFT is correct, then the
relative errors in the scattering and absorption opacities
of MFT can be estimated to be ∆sca ' ∆ω/ω(TMM) and
∆abs ' ∆ω/(ω(TMM) − 1), respectively.
In Figure 2, it is clear that the incorrect behavior of
the single scattering albedo of the RGD theory well cor-
relates with the relative error of the absorption and scat-
tering opacities obtained by MFT. The absorption cross
section (or opacity) will be underestimated by at most
94% for BPCA and 87% for BCCA with N = 1024
and R0 = 0.1 µm. As a result, it is shown that the
over/under-estimation of the scattering and absorption
opacities is due to the fact that the albedo of MFT is
the same as that of the RGD theory. This property of
MFT is due to the mean field assumption; therefore, the
over/under-estimation of the scattering and absorption
cross sections is inevitable when MFT is used.
Figure 2 also shows that the error in the extinction
cross section becomes large at long wavelength domain.
In addition, it is also found that this error does not
correlate with that of the single scattering albedo. This
is due to the interaction of neighboring monomers which
is important when the refractive index is large at the
Rayleigh domain (see also Sections 3.5 and 5)
3.4. Modified Mean Field theory
As shown in Sections 3.2 and 3.3, MFT fails to re-
produce the scattering and absorption opacities when
multiple scattering is important. In order to avoid these
problems, we propose a prescription which enables to
calculate the opacities at multiple scattering domain al-
most correctly. Hereafter, we call our approach as a
modified mean field theory (MMF).
The opacity calculation in MMF is performed by as
follows. First of all, we calculate the extinction cross
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Figure 1. Extinction opacity (top), scattering and absorption opacities (middle), and the phase shift ∆φ (bottom). Left and
right panels show opacities of BCCA and BPCA of 1024 monomers with 0.1 µm radii, respectively. (Top and middle panels):
Dots, solid, and dashed lines represent the results obtained using TMM, MFT, and the RGD theory. Blue and red colors indicate
scattering and absorption opacities, respectively. Gray horizontal lines is the opacity value expected from the geometrical optics
approximation. Black vertical lines running from bottom to top panels are the wavelength where the phase shift becomes unity.
section using MFT (Equation 16), that is, C
(MMF)
ext =
C
(MFT)
ext , since MFT successfully reproduces the extinc-
tion cross section as shown in Section 3.2. The sec-
ond step is to calculate the absorption cross section. As
we have mentioned, the cross section obtained by the
TMM results approach to the geometrical optics limit at
the short wavelength domain. In the geometrical optics
limit, the absorption and scattering cross sections can
be given by the geometrical cross section of dust aggre-
gates unless the reflection comes into play (e.g., Bohren
& Huffman 1983). Based on above considerations, we
introduce the following empirical expression
C
(MMF)
abs = max
(
C
(MFT)
abs , G(1− e−τ )
)
, (20)
τ =C
(RGD)
abs /G, (21)
where G is the geometrical cross section of the aggre-
gates. By using Equation (20), the absorption cross sec-
tion obtained by MFT is connected to the geometrical
cross section at the short wavelength domain. When the
absorption cross section obtained by the RGD theory
exceeds the geometrical cross section (τ  1), the ab-
sorption cross section becomes equal to the geometrical
cross section G. In the long wavelength domain, τ  1,
and then C(1− e−τ ) = C(RGD)abs . Note that in Equation
(20), the maximum value is taken so that MFT is cho-
sen at the single scattering region rather than the RGD
theory. The geometrical cross section G is estimated
using the empirical formulae of Minato et al. (2006).
Finally, we calculate the scattering cross section using
C
(MMF)
sca = C
(MMF)
ext − C(MMF)abs .
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Figure 2. Relative errors of the MFT in extinction, scat-
tering, and absorption cross sections of BPCA (solid lines).
Green, blue, and red lines correspond to the extinction, scat-
tering and absorption cross sections, respectively. Dashed
lines represent the error of the scattering and absorption
cross sections estimated from the error of the single scatter-
ing albedo. The vertical line denotes the wavelength where
the phase shift of the aggregate becomes unity.
In Figure 3, the opacities calculated by MMF for the
BCCA and BPCA models are shown. In addition, Fig-
ure 4 shows the relative error in extinction, absorption,
and scattering cross sections of MMF and TMM. The
absorption opacities of MMF agree with the TMM re-
sults to an accuracy of ≤ 20% and ≤ 25% at λ ≤ 20 µm
for BCCA and BPCA, respectively. Since MFT gives
rise to the errors in the absorption opacity as large as
87% and 94% for the BCCA and BPCA models, respec-
tively, the MMF can improve the accuracy of the ab-
sorption opacity. In addition, accuracy of the scattering
opacity is also improved in the MMF. One may notice
that the absorption opacity is systematically underesti-
mated at the long wavelength domain. In this region,
the absorption opacities are underestimated by 41% and
43% for the BPCA and BCCA models, respectively (see
Sections 3.5 and 5 for more detail).
Next, in order to check the validity of MMF at vari-
ous parameters, we vary the monomer radius. Figure
5 shows the extinction and absorption cross sections
of BCCA and BPCA obtained by TMM and MMF,
where the number of monomers is set as N = 128
and the monomer radii are varied from R0 = 0.01 µm
to R0 = 1.0 µm. To reduce computational costs, we
use N = 128 instead of N = 1024. Although at the
long wavelength domain, MMF systematically underes-
timates the absorption (or extinction) opacity, MMF can
reproduce overall wavelength dependence of the opaci-
ties. Even if the monomer radius is varied, MMF still
works well. As a result, although the empirical prescrip-
tion adopted in MMF is simple, accuracy of the absorp-
tion cross sections of MFT is significantly improved.
3.5. Error at the long wavelength domain
In Figures 3 and 5, it was shown that MMF underes-
timates the absorption opacity at the long wavelength
domain. At this wavelength domain, the RGD the-
ory, MFT, and MMF show almost the same results,
since the single scattering is the dominant (∆φ < 1).
Hence, this systematic underestimation is a common
property in light scattering models presented in Section
2. This error is due to the proximity effect of neigh-
boring monomers, and this is related to the violation of
Equation (7). Astronomical silicate has large refractive
index at long wavelength domain (see Figure 3 in Pa-
per I). According to the results shown in Figure 3 for
the BPCA model, relative error of MMF exceeds 20%
at |m − 1| > 2. Hence, satisfying Equation (7) guaran-
tees the accuracy better than 20% in the RGD theory,
MFT, and MMF. The physical origin of this effect, or
the proximity effect, is further discussed in Section 5.
4. DETAILED COMPARISONS TO OTHER
APPROXIMATE METHODS
We compare the opacities and the asymmetry pa-
rameter obtained by TMM to those obtained by EMT
and DHS. In addition, we also compare the opacities of
porous dust aggregates and a compact sphere with the
volume equivalent radius, rV = R0N
1/3 ' 1.0 µm. Note
that all acronyms “EMT” used in this section denote
EMT (MG-Mie).
We calculate the absorption and scattering opacities
of BCCA and BPCA with N = 1024 and R0 = 0.1 µm,
and the results are presented in Figure 6. Detailed com-
parisons of the results between TMM and the Mie the-
ory, EMT, and DHS are given in Sections 4.1.1, 4.1.2,
and 4.1.3, respectively. The asymmetry parameter and
the effective albedo of the aggregates are discussed in
Section 4.2.
4.1. Opacities
4.1.1. Comparison between the Mie theory and TMM
As a starting point of our discussion, it is helpful to
see how porous dust aggregates (TMM) differ from a
homogeneous sphere with the volume equivalent radius
(the Mie theory) in the opacities. In Figure 6, we plot
the results obtained using the Mie theory for a sphere
with radius rV = R0N
1/3, where the optical constant is
the same as that of the monomer, that is, astronomical
silicate.
First of all, we discuss the absorption opacities (top
panels in Figure 6). In Figure 6 (top panels), it is
clear that the absorption opacities obtained by the Mie
theory are significantly different from those obtained
by TMM for both BCCA and BPCA models. When
λ & 2pirV ' 6 µm, the Mie theory underestimates
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Figure 4. Same as Figure 2, but for MMF.
the absorption opacities. This is because the Mie the-
ory cannot correctly treat the proximity effect of the
monomers (see Section 5 for more detail). This indicates
that even if the wavelength is much longer than the ra-
dius of the dust aggregate, the homogeneous sphere with
the volume equivalent radius is not a good representa-
tive of the porous dust aggregate in terms of opacities.
This is mainly due to the fact that when |m − 1|  1,
the absorption opacity in the Rayleigh domain is very
sensitive to particle shape. Note that in the Rayleigh do-
main, the Mie theory with a volume equivalent sphere
gives the absorption cross section of NC0abs, which is
the same as that of MMF4. At λ . 2pirV ' 6 µm,
the opacities obtained by the Mie theory show shallower
4 In the long wavelength domain, single scattering is dominant
(∆φ < 1), and hence, the absorption cross section of MMF and
MFT becomes the same as that of the RGD theory.
wavelength dependence than those obtained by TMM.
The absorption opacities of the BPCA and BCCA mod-
els are similar to that of a single monomer as long as
∆φ < 1 (see, for example, lines of the RGD theory in
top panels of Figure 6), whereas the absorption opacity
of the Mie theory reflects the property of the particle
larger than the monomer radius. As a result, the Mie
theory tends to overestimate the absorption opacities
at infrared wavelengths, whereas it underestimates the
opacities at visible and UV wavelengths.
Next, we discuss the scattering opacities of the BCCA
and BPCA models (middle panels in Figure 6). In the
case of scattering, the structure of dust aggregates plays
essential roles in the scattering process (Paper I). The
Mie theory deviates from the TMM results at λ . 2piRg.
Since BCCA and BPCA models show Rg = 3.7 µm and
Rg = 1.5 µm, these wavelengths are corresponding to
λ ' 23 µm and λ ' 9.4 µm for the BCCA and BPCA
models, respectively. As a result, the Mie theory can-
not predict the scattering opacity outside the Rayleigh
domain of the dust aggregates (λ . 2piRg).
Since the Mie theory fails to reproduce both absorp-
tion and scattering opacities of dust aggregates, the sin-
gle scattering albedo also shows incorrect behavior at
the short wavelength domain (bottom panels in Figure
6). Note that as the wavelength decreases, the single
scattering albedo obtained by both the Mie theory and
TMM approaches to a value of 0.5. This value corre-
sponds to the single scattering albedo in the geometrical
optics limit without reflection.
Therefore, the Mie theory with the volume equivalent
radius cannot capture the opacity at both inside and
outside the Rayleigh domain of dust aggregates.
4.1.2. Comparison between EMT (MG-Mie) and TMM
In the EMT method, a dust aggregate is approximated
as a single homogeneous sphere with the effective di-
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Figure 5. Extinction and absorption cross sections of BCCA (N = 128) and BPCA (N = 128). The TMM results are denoted
by the black dots, and solid lines with different colors indicate the opacity obtained by the MMF with different monomer radii.
electric function, and then the Mie theory is used to
obtain optical properties (e.g., Mukai et al. 1992). The
effective dielectric function is commonly derived using
either the Maxwell–Garnett mixing rule or the Brugge-
man mixing rule, although various mixing rules have so
far been proposed (Ossenkopf 1991; Stognienko et al.
1995; Henning & Stognienko 1996; Min et al. 2008).
Voshchinnikov et al. (2007) compared different mixing
rules and found that the Bruggeman mixing rule gener-
ally provides reliable results. When the volume fraction
of the inclusion is much smaller than that of matrix,
the Maxwell-Garnett mixing rule can also give reliable
results. Because we consider porous dust aggregates
(porosity & 85%), we adopt the Maxwell–Garnett mix-
ing rule (Maxwell Garnett 1904). The filling factor of
the dust aggregate is defined by using its characteristic
radius (Mukai et al. 1992).
In Figure 6, we compare the wavelength dependence
of EMT (MG-Mie) and TMM.
First of all, we discuss the absorption opacities (top
panels in Figure 6). Similar to the case of the homo-
geneous sphere, EMT also fails to reproduce absorption
opacity at the Rayleigh domain (kRc < 1). This is be-
cause EMT (MG-Mie) cannot reproduce the proximity
effect of neighboring monomers (see Section 5 for more
detail). Note that in the Rayleigh domain, the absorp-
tion cross section calculated by EMT (MG-Mie) equals
to NC0abs, which is the same as that of MMF.
At kRc > 1, EMT seems to reproduce the absorp-
tion opacities for both aggregates models except for
λ . 1 µm. Using EMT (MG-Mie), Kataoka et al. (2014)
showed that the absorption opacities of the dust aggre-
gates are the same as long as Rcf remains constant.
Since Rcf ∝ N1−2/df , the absorption opacity of the
dust aggregates with df = 2, like BCCA, does not de-
pend on the number of monomers N . Thus, the ab-
sorption opacity of BCCA obtained by EMT becomes
almost the same as that of the single monomer. Note
that when the aggregate radius is not too large, the ab-
sorption opacity of dust aggregates with df = 3 becomes
also similar to that of the single monomer. As a result,
for both BCCA and BPCA models, EMT shows the ab-
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Figure 6. Absorption and scattering opacities (top and middle) and single scattering albedo (bottom). Left and right columns
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sorption opacity similar to that of the monomer, and
hence, EMT seems to reproduce the opacity obtained
by TMM. However, once the wavelength becomes close
to the monomer radius, e.g., λ . 1 µm, the EMT results
deviate from the TMM results. This deviation is due to
the fact that the Maxwell-Garnet mixing rule assumes
that the monomers are in the Rayleigh domain; thus,
it cannot be used where the monomer size parameter is
large.
Next, we discuss the scattering opacity (middle pan-
els in Figure 6). EMT is able to reproduce the scat-
tering opacity of BPCA at almost all wavelengths. The
opacity of BPCA is characterized by small angle scatter-
ing. Since EMT is able to reproduce small angle scatter-
ing almost correctly (see Figure 5(a) of Paper I), EMT
successfully reproduce the scattering opacity of BPCA.
However, EMT fails to reproduce the scattering opac-
ity of BCCA when λ . 2piRg. In the case of BCCA,
scattering opacity is characterized not only small angle
scattering but also intermediate angle scattering. EMT
significantly underestimates the scattered intensity at
intermediate and back scattering angles (see Figure 5(a)
of Paper I); therefore, EMT fails to reproduce the scat-
tering opacity of the BCCA model when λ . 2piRg.
Thirdly, we discuss the single scattering albedo. Since
EMT cannot reproduce the scattering opacity outside
the Rayleigh domain for BCCA, the single scattering
albedo is also incorrect at this region. For BPCA, the
single scattering albedo is almost accurate unless the
monomer size parameter is large.
Our results imply that optical properties of porous
dust aggregates are governed not only porosity, but also
fractal dimension. Even if the porosity of two dust ag-
gregates are similar, their optical properties can be dif-
ferent when their fractal dimensions are not the same.
Voshchinnikov et al. (2007) performed the DDA calcu-
lations of porous spheres and concluded that EMT can
be applicable to highly fluffy dust aggregates (porosity
> 90%) if the mixing rule is properly selected. However,
the particle configuration adopted in the DDA calcula-
tions in Voshchinnikov et al. (2007) is very similar to
the randomly distributed Rayleigh inclusions encased in
a given spherical volume. It is known that such a particle
configuration gives rise to show similar optical proper-
ties to those of EMT (see e.g., Mishchenko et al. 2016).
Therefore, the agreement between DDA and EMT in
Voshchinnikov et al. (2007) is presumably due to their
particle configuration. Indeed, the phase function of
fractal dust aggregates of Rayleigh monomers (poros-
ity > 90%) is significantly different from that obtained
by EMT (Kozasa et al. 1993; Shen et al. 2009; Paper I).
4.1.3. Comparison between DHS and TMM
DHS is an approximate method to obtain scattering
and absorption properties of irregularly shaped particles
(Min et al. 2003, 2005, 2016). In DHS, optical properties
of hollow spheres are averaged over a distribution, while
keeping the material volume preserved:
〈A〉DHS =
∫ 1
0
n(fv)A(rin, rout)dfv, (22)
rout =
rV
(1− fv)1/3 , rin =
f
1/3
v rV
(1− fv)1/3 , (23)
where fv is the fraction of vacuum of the hollow sphere,
n(fv)dfv is a number of hollow spheres in a range
[fv, fv + dfv], A(rin, rout) represents an optical quantity
of the hollow sphere with inner and outer radii of rin and
rout, and rV is the volume equivalent radius. The dis-
tribution function is assumed to have (Min et al. 2005)
n(fv) =
{
1/fmax (0 ≤ fv < fmax),
0 (fv ≥ fmax),
(24)
where fmax is the free parameter of the DHS method,
and it is sometimes referred to as the irregularity pa-
rameter. In this paper, we adopt fmax = 0.8 (Min et al.
2016). Since each monomer of dust aggregates has the
homogeneous silicate composition in our dust model, we
use astronomical silicate for the shell composition of the
hollow spheres. Optical properties of a hollow sphere
are obtained by using the code dmilay f95.f (Toon &
Ackerman 1981), which is included in OpacityTool of
the DIANA standard opacities (Woitke et al. 2016).
In Figure 6, we compare the opacities obtained by
DHS to those obtained by TMM.
First of all, we discuss the absorption opacities (top
panels in Figure 6). Unlike the Mie theory and EMT,
DHS can show large absorption opacities at the Rayleigh
domain (kRg < 1), and this is one of the important
properties of the DHS method. The form factor distri-
bution of the DHS particle model is somewhat similar
to that of fractal dust aggregates (Min et al. 2006), and
hence, DHS succeeds to produce an enhancement of the
absorption opacity at the Rayleigh domain (see Section
5 for more detail discussion).
Outside the Rayleigh domain (kRg > 1), it is found
that DHS fails to reproduce the TMM results. It is also
shown that the opacities obtained by the DHS method is
similar to those of the Mie theory. As we mentioned, the
absorption opacities of BCCA and BPCA are character-
ized by the monomer’s property when ∆φ < 1. Because
the DHS method does not include the information of the
monomer radius in the formulation, it is not surprising
that DHS fails to reproduce the TMM results.
Secondly, we explain the scattering opacities of
BCCA and BPCA models (middle panels). Outside
the Rayleigh domain (kRg > 1), DHS does not repro-
duce the scattering opacities of TMM. Similar to the
case of the absorption opacity, the scattering opacities
obtained by DHS are very similar to those obtained
by the Mie theory. Because in the DHS method, the
scattering opacity is averaged over the distribution of
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hollow spheres, interference in the scattering opacities
are smeared out; hence, the DHS results show more
smooth wavelength dependence compared to those ob-
tained by the Mie theory.
Thirdly, we discuss the single scattering albedo. Since
DHS does not reproduce both absorption and scattering
properties for BCCA and BPCA outside the Rayleigh
domain, the albedo at this wavelength domain deviates
from the TMM results.
As a result, we conclude that DHS is not able to repro-
duce both absorption and scattering opacities of BCCA
and BPCA at kRg & 1. Min et al. (2016) showed that
DHS seems to capture the opacities of compact dust
aggregates. This difference is presumably due to the
fact that both BCCA and BPCA are porous enough
(porosity & 85%) so that optical properties of monomers
tend to govern the optical properties of the dust aggre-
gates. Since DHS does not include the information of
the monomer in the calculations, it fails to reproduce
the optical properties of dust aggregates. If the dust
aggregates are compact enough so that optical proper-
ties are governed by bulk properties of dust aggregates
rather than the monomer, DHS is considered to be a
good approximation as shown in Min et al. (2016).
4.2. Asymmetry parameter and effective albedo
Figure 7 shows the asymmetry parameter g and the
effective albedo (1−g)ω. The g parameter represents the
degree of forward scattering, e.g., g = 0 means isotropic
scattering and g = 1 means perfect forward scattering.
When the aggregate is in the Rayleigh domain (kRg <
1), scattering becomes isotropic, and hence, g = 0. Once
the wavelength becomes shorter than the size of dust
aggregates (kRg > 1), forward scattering happens, and
hence, g increases.
First of all, we discuss the asymmetry parameter of
BCCA. As long as the single scattering assumption is
validated (∆φ < 1), the angular dependence of scat-
tering can be understood in terms of the static struc-
ture factor (see Paper I). Since, in the single scattering
domain, EMT tends to significantly underestimate the
side- and back-scattering intensity due to destructive in-
terference (Paper I), the g value quickly approaches to
unity as decreasing the wavelength. However, as shown
in Paper I, BCCA does not show an efficient destruction
of scattered waves. As a result, the wavelength depen-
dence of the g value is much softer than the EMT re-
sults. Since MMF, MFT, and the RGD theory take the
realistic static structure factor into account, they can
reproduce the wavelength dependence of g. At the mul-
tiple scattering region (∆φ > 1), the scattering phase
function does not necessary to obey the static structure
factor. Therefore, MMF, MFT, and the RGD theory
may not be a predictable theory for the phase function in
the multiple scattering domain, although opacities can
be correctly calculated even in the multiple scattering
domain. Next, we discuss the asymmetry parameter of
BPCA. In this case, the single scattering assumption can
be readily violated, and then the g parameter obtained
by MMF, MFT, and the RGD theory is less accurate
than the case of BCCA. Since DHS does not take the
static structure factor into account, it cannot reproduce
the phase function as well as the asymmetry parameter
at the single scattering domain. As a result, DHS fails
to reproduce the wavelength dependence of g for both
BPCA and BCCA outside the Rayleigh domain.
Next, we discuss the effective albedo of the aggregate
particles. Since forward scattering is hardly observable
for most cases, it is useful to define an albedo with-
out including the contribution of forward scattering. In
this paper, we adopt a simple definition of the effective
albedo, (1−g)ω. Suppose particles show perfect forward
scattering (g = 1), then incident light seems to just pass
through the particles without changing the direction;
hence, the observer (supposed to be at θ 6= 0) does not
see any scattered light. In this case, the effective albedo
(1−g)ω gives zero. If particles show isotropic scattering
(g = 0), the effective albedo gives the single scattering
albedo ω.
At the bottom panels of Figure 7, we show the effec-
tive albedo of the BCCA and BPCA models. In case
of BCCA, the effective albedo obtained by EMT is two
orders of magnitude smaller than the TMM results at
near-infrared wavelength. Again, this is due to the de-
structive interference of EMT, and then, EMT give rise
to the extremely strong forward scattering which makes
the effective albedo significantly low. In addition, color
of the effective albedo obtained by EMT is reddish. This
is due to the fact that forward scattering becomes strong
for shorter wavelengths. As a result, if EMT is applied
to BCCA, scattering of BCCA shows very faint and red-
dish color. However, the TMM results show that this
behavior is not true. The effective albedo of BCCA is
not so faint as expected from EMT and shows gray color
instead of reddish color.
This result have an interesting implication to the scat-
tered light observations of protoplanetary disks. Mul-
ders et al. (2013) pointed out the color and bright-
ness problem of scattered light images of protoplane-
tary disks and suggested that this problem might be
solved by considering the presence of large fluffy dust
aggregates (porosity > 99%). However, our results im-
ply that large fluffy dust aggregates, like BCCA, do not
show faint and reddish color in the effective albedo. We
will not go into the details of this topic here because it is
beyond the scope of this paper. However, this topic will
be discussed in more detail in our forthcoming paper.
5. ABSORPTION PROPERTY OF THE
AGGREGATE IN THE RAYLEIGH DOMAIN
We investigate the absorption opacity of dust aggre-
gates in the Rayleigh domain. As mentioned in Sections
3.5 and 4, the absorption opacity at the Rayleigh do-
main obtained by TMM is larger than that obtained
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Figure 7. Same as Figure 6, but for the asymmetry parameter and the effective albedo.
by the Mie theory, the RGD theory, MFT, MMF, and
EMT (MG-Mie). In this section, we study a physical
process that is responsible for the enhancement of the
absorption opacity.
It is worth mentioning that the enhanced absorption
of dust aggregates would be important to explain the
large millimeter-wave opacity inferred from observations
of protoplanetary disks.
5.1. Origin of the enhanced absorption
5.1.1. Qualitative argument
The enhanced absorption of dust aggregates in the
Rayleigh domain has been reported by a number of au-
thors (Wright 1987; Bazell & Dwek 1990; Kozasa et al.
1992; Mackowski 1995; Henning et al. 1995; Stognienko
et al. 1995; Mackowski 2006; Ko¨hler et al. 2011)5.
We can qualitatively understand the origin of the en-
hanced absorption of dust aggregates by a simple ar-
gument presented in Henning et al. (1995). Henning
5 The enhanced absorption reported by Bazell & Dwek (1990) is
slightly larger than the other studies. As pointed out in Rouleau
& Martin (1993), this is because Bazell & Dwek (1990) adopted
the lax convergence criterion in their DDA calculations.
et al. (1995) considered that spheres form a straight
chain elongated parallel to the incident electric field and
approximated this sphere cluster by a cylinder. For the
case of an isolated single sphere, the internal electric
field is weakened by the depolarization effect of surface
charges, which appear as a consequence of electrostatic
polarization of the particle. However, for the case of
a sufficiently long cylinder, depolarization can be neg-
ligible for incident light polarized along the elongation
(see e.g., p. 147 of Bohren & Huffman 1983); hence,
the internal electric field can be as strong as the exter-
nal field. As a result, strong absorption happens. Since
dust aggregates may contain a chain-like pattern being
almost orientated to the incident field, this effect is ex-
pected to remain in dust aggregates. Thus, in general,
the absorption opacity in the Rayleigh domain depends
on the particle shape through the depolarization factor.
5.1.2. Enhanced absorption of a two-sphere cluster
Henning et al. (1995) approximated an elongated
sphere cluster as a cylinder. Because the particle shape
sensitively affects its absorption property, we need to di-
rectly solve the internal field of a sphere cluster (Mack-
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owski 1995, 2006) for quantitative estimate of the en-
hanced absorption.
First of all, we study the enhanced absorption of a very
simple system, that is, a two-sphere cluster. We perform
TMM calculations of a two-sphere cluster with a fixed
orientation using mstm-v3.0 code 6. Each spherical par-
ticle has the radius R0 = 0.1 µm, and the incident wave-
length is set as λ = 1 mm. Therefore, both of a whole
cluster and each spherical monomer are in the Rayleigh
domain. The refractive index is set as astronomical sil-
icate at λ = 1 mm, and hence, m = 3.434 + 0.049i.
Figure 8 show the electric field strength map at the
cross section including the centers of two spheres. In
the map, both internal and external electric fields of
the cluster are shown. It can be seen from Figure 8
that the strong electric field appears in the vicinity of
a contact point of two spheres. When the harmonic ex-
pansion of each particle is truncated at the dipole term
(NO = 1), the electric field in the vicinity of the con-
tact point becomes weak. In addition, when two spheres
are separated, the internal electric field becomes weak.
Therefore, the enhanced absorption is due to the prox-
imity effect of the neighboring monomer, and higher or-
der terms of the harmonic expansion are important for
this effect.
In Table 2, the absorption cross section of a two-sphere
cluster, which is normalized by the individual sum of the
monomer’s absorption cross section, NC0abs, are summa-
rized. Note that the normalization of the Table 2 val-
ues, NC0abs, equals to the absorption cross section of the
cluster obtained by the RGD theory, MFT, MMF, EMT
(MG-Mie) and the Mie theory with a volume equiva-
lent sphere. Note that not only the RGD theory, but
also MFT, MMF, EMT (MG-Mie) and the Mie the-
ory with a volume equivalent sphere show the absorp-
tion cross section NC0abs (see Figure 6). Thus, values
given in Table 2 may be regarded as the deviation of
these methods from TMM at the Rayleigh domain with
m = 3.434 + 0.049i. From Table 2, we can see that
the calculation included only dipole expansion underes-
timates the absorption opacity of the cluster by around
16% for astronomical silicate at λ = 1 mm for contacting
spheres. Once two monomers are separated, interaction
between monomers becomes weak, and hence, the ab-
sorption cross section of two spheres approaches to the
individual sum of each absorption cross section.
This results clearly demonstrate that the impor-
tance of higher order expansion for the monomer in
the Rayleigh domain. Even if the monomer particle ra-
dius is much smaller than the wavelength, higher order
terms of harmonic expansion can largely contribute to
the absorption opacity when the refractive index is large.
Hence, magnitude of the enhanced absorption reported
6 The code and more information is available on http://www.
eng.auburn.edu/~dmckwski/scatcodes/
Table 2. Cross sections for a two-sphere cluster in the
Rayleigh domain
Cabs/NC
0
abs
a
model unpolarized E||yˆ E ⊥ yˆ
contact (NO = 10) 1.345 1.835 0.856
contact (NO = 1) 1.188 1.546 0.830
separated (3R0/2)
b 1.084 1.256 0.911
separated (2R0) 1.038 1.131 0.945
aA two-sphere cluster is elongated along the yˆ direction.
bThis separation distance is center-to-center distance of a two-
sphere cluster.
by studies (e.g., Bazell & Dwek 1990; Kozasa et al. 1992;
Stognienko et al. 1995) should be regarded as the lower
limit, because in these studies, each spherical monomer
is replaced by a single dipole moment. Although Stog-
nienko et al. (1995) adopt dipole approximation for each
monomer (in their DDA model), it should be mentioned
that they have also examined multipole approximation
for each monomer where they considered at most 4th
order multipole expansion (in their DMM model).
5.2. Enhanced absorption of dust aggregates
We study the enhanced absorption of sphere clusters
with more complicated structure and discuss how the
number of monomers, the aggregate structure, and the
composition affect it.
We consider two types of dust aggregates, BCCA and
BPCA, and number of monomers is varied from 1 (sin-
gle monomer) to 1024. Although Mackowski (2006) has
already studied the enhanced absorption for the cluster-
cluster aggregation model, we focus on more compact
dust aggregates as well as BCCA.
We adopt the same numerical method and set up as
Section 3.1, except for the refractive index. Refractive
index of the monomer is taken from astronomical silicate
or amorphous carbon at λ = 1 mm. Optical constants of
amorphous carbon is taken from the BE model of Zubko
et al. (1996), and it has m = 12.67 + 4.597i. The ma-
terial density of amorphous carbon is set as 1.8 g cm−3.
Note that Because we adopt NO = 10 for amorphous
carbon, the result for amorphous carbon might be un-
derestimated, and hence it should be regarded as the
lower limit.
Figure 9 shows the absorption opacity of dust ag-
gregates. As increasing the number of monomers, the
absorption opacity also increases. However, once the
number of monomers exceeds around N ∼ 102, the
absorption opacity does not depend on the number
of monomers. Surprisingly, the absorption opacity of
BPCA is very close to that of BCCA, although their
overall shapes are significantly different. In addition,
the enhancement of the absorption opacity is large for
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Figure 8. The electric field strength map for a two-sphere cluster at the cross section including centers of two spheres.
The electric field is normalized by the electric field strength of the incident light E0. Both vertical and horizontal axes are
normalized by the monomer radius R0. A two-sphere cluster is elongated along y direction (horizontal axis), while the incident
light polarized along y direction is propagating along z direction (vertical axis). (left) Two spheres are in contact, and for each
sphere, higher order of harmonic expansion is included (NO = 10), (middle) two spheres are in contact, and for each sphere,
only dipole term is included (NO = 1), and (right) two spheres are separated by the center-to-center distance of 1.5R0, and
higher order expansions is included.
the dust aggregates with large refractive index. There-
fore, the dust aggregates with amorphous carbon show
large excess in the absorption opacity compared to the
case of astronomical silicate. In this case of amorphous
carbon, even if the volume equivalent aggregate radius
is ' 1 µm, the absorption opacity of the aggregate is
significantly enhanced.
At N = 1024, dust aggregates with amorphous car-
bon show κabs ' 5 cm2 per gram of dust. This value
is much higher than the commonly used opacity value
in millimeter-wave observations of protoplanetary disks
(Beckwith et al. 1990), whereas the opacity for N = 1 is
smaller than its value. Our results demonstrate that the
large opacity value adopted in Beckwith et al. (1990) can
be readily achieved by considering the proximity effect of
dust aggregates in the Rayleigh domain. Therefore, the
millimeter-wave opacity value presented in Beckwith et
al. (1990) is possibly explained not only mm-sized com-
pact grains (D’Alessio et al. 2001), but also small dust
aggregates.
5.3. Can we approximate the enhanced absorption?
We compare the enhanced absorption of approximate
methods; EMT and DHS. In addition, we consider two
types of mixing rules in the EMT calculations: MG-Mie
and APMR-Mie.
5.3.1. MMF, MFT, and the RGD theory
According to Equation (10), MMF, MFT and the
RGD theory predict that the absorption opacity of dust
aggregates is the same as that of the monomer in the
Rayleigh limit. Figure 10 shows that the absorption
opacity obtained by MMF is smaller than that obtained
by TMM. This is because the connection effect is not
included in MMF, MFT, and the RGD theory.
5.3.2. EMT: APMR-Mie
Min et al. (2008) proposed a mixing rule so-called ag-
gregate polarizability mixing rule (APMR). APMR is
the same as the Maxwell-Garnett mixing rule except for
the polarizability of inclusions. In the Maxwell-Garnett
mixing rule, polarizability of the inclusion is determined
by assuming the spherical inclusions. In APMR, the
polarizability is given by the CDE model so that the
effect of irregularly shaped monomer can be taken into
account. It is worth noting that the CDE model has
similar distribution of form factor with fractal dust ag-
gregates of spherical monomers (Min et al. 2006), and
hence EMT (APMR-Mie) might be used to approximate
the enhanced absorption of dust aggregates.
We can write an explicit form of the effective dielectric
function of APMR:
APMReff =
3(i − 1) + 4f [i ln i − (i − 1)]
3(i − 1)− 2f [i ln i − (i − 1)] , (25)
where i is the dielectric function of inclusions, and we
have assumed that the dielectric function of matrix m =
1. Figure 10 show the extinction opacity obtained by
EMT with Maxwell-Garnett mixing rule and APMR.
Note that we use the characteristic radius Rc in order
to define the filling factor the of dust aggregate, whereas
Min et al. (2008) used the radius of gyration.
Since the Maxwell-Garnett rule mixing assumes the
individual sum of polarizability of spherical monomers
as the total polarizability of dust aggregates, EMT (MG-
Mie) does not include the proximity effect. Therefore,
it coincide with the MMF result in the Rayleigh limit,
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Figure 9. Absorption opacities of BPCA and BCCA for astronomical silicate (left) and amorphous carbon (right) in the
Rayleigh domain. Horizontal dashed line in the right panel represents the opacity value used in Beckwith et al. (1990). Refractive
indices at λ = 1 mm are m = 3.434 + 0.049i and 12.67 + 4.597i for astronomical silicate and amorphous carbon, respectively.
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Figure 10. Extinction opacity of BPCA with N = 1024 and
R0 = 0.1 µm obtained by EMT and DHS. Circles indicate
the results obtained by TMM. Various lines are obtained
by MMF (This study), EMT with MG-Mie and the APMR
method (Min et al. 2008), and the DHS method with fmax =
0.8 and 0.5 (Min et al. 2005).
and then the absorption opacity obtained by EMT (MG-
Mie) is underestimated compared to the TMM result in
the Rayleigh limit.
The APMR method also assumes individual sum of
CDE polarizability; however, EMT (APMR-Mie) can
show the enhanced absorption. This is because polar-
izability of the ellipsoidal particle is larger than that
of sphere with the same volume. The EMT (APMR)
seems to overestimate the absorption opacity; however,
it should be keep in mind that our TMM results should
be regarded as the lower limit (see Section 5.4).
5.3.3. DHS
In Figure 10, we also plot the opacity obtained by
DHS with fmax = 0.8. In DHS, the absorption opacity
at the Rayleigh domain can be tuned by the irregularity
parameter fmax. When fmax = 0.5, DHS gives rise to the
similar absorption opacity to that obtained by TMM.
Figure 10 shows that when fmax = 0.8, the opacities
of EMT (APMR-Mie) and DHS at the Rayleigh domain
are quite similar. It is known that there is a similar-
ity between CDE and DHS. This similarity can be re-
duced to the similarity of polarizability between a hollow
sphere and an ellipsoid in the Rayleigh limit (Min et al.
2003, 2006). In the case of a randomly orientated el-
lipsoid, polarizability is increased when the axis ratio is
increased. In the case of a hollow sphere, polarizability
in the Rayleigh domain can be given by
α = 3Vm
(− 1)(2+ 1)
(+ 2)(2+ 1)− 2fv(− 1)2 , (26)
where Vm is the material volume (Bohren & Huffman
1983). fv = 0 gives the polarizability of the homoge-
neous sphere. When the material volume is fixed, in-
creasing fv results in an increase of the polarizability
α. In the analogy of ellipsoids, increasing fv is similar
to decreasing the depolarization factor (see e.g., Chap-
ter 5 of Bohren & Huffman 1983, for the definition of
the depolarization factor). Therefore, averaging hollow
spheres over a distribution of various fv is similar to the
average of ellipsoids with various axis ratio.
5.4. Effects not considered in this study
Our TMM calculations are based on spherical
monomers with a point connection. However, realis-
tic monomers are connected via the non-zero contact
area. Ko¨hler et al. (2011) studied the enhanced ab-
sorption for various connection states, e.g., the presence
of neck structure, of the sphere cluster and concluded
that the contact area can largely affect the quantitative
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estimate of the enhanced absorption when the refractive
index is large.
Another effect that is not considered in our TMM cal-
culations is non-sphericity of the monomer. Since non-
sphericity of the monomer, such as elongation and sur-
face roughness, increases the absorption cross section of
the single monomer, it is expected that introducing non-
sphericity of monomers further increases the absorption
opacity of the dust aggregates.
Therefore, the absorption opacities in the Rayleigh
domain obtained in our TMM calculations should be re-
garded as the lower limit. We expect that when the
non-sphericity of the monomer and a neck structure be-
tween monomers are taken into account, the absorption
opacity becomes larger than that obtained by our TMM
calculations, and it may be close to that estimated by
EMT (APMR-Mie) or DHS with fmax = 0.8.
6. CONCLUSION
By using various numerical methods, we have cal-
culated the opacities for absorption and scattering of
two types of fractal dust aggregates, BCCA and BPCA,
which have fractal dimensions of 2 and 3, respectively.
The opacities obtained by the TMM method, a rigorous
numerical method, were compared to those obtained by
approximate methods, the RGD theory, MFT, EMT and
DHS. The results in our comparison can be summarized
as follows.
1. The extinction opacity of BCCA and BPCA ob-
tained by TMM are well reproduced by using MFT
for all parameters we have tested (see Section 3.2).
On the other hand, the RGD-theory breaks down
when multiple scattering is important (∆φ > 1).
2. MFT fails to reproduce absorption and scattering
opacities, once multiple scattering starts to dom-
inate the scattering (∆φ > 1). The absorption
opacity at the multiple scattering domain is under-
estimated by at most 94% and 87% for the BPCA
and BCCA models, respectively. We showed that
this is due to the fact that the mean field assump-
tion gives rise to the incorrect estimate of the sin-
gle scattering albedo at the multiple scattering do-
main (see also Equations (C9 and C10)).
3. We propose a simple modification of MFT, which
was referred to as MMF. We showed that MMF
can reproduce the absorption and scattering opac-
ities at the multiple scattering domain (see Sec-
tion 3.4), as well as the asymmetry parameter (see
Section 4.2). MFT enables to compute opacities
of fractal dust aggregates rapidly and accurately.
The advantage of MMF is that information of
monomer and fractal dimension (aggregates struc-
ture) are retained in the formulation; therefore,
we can study how monomers and aggregate struc-
tures affect observational properties of astrophysi-
cal environments, such as protoplanetary disks and
planetary atmosphere.
4. EMT tends to underestimate the absorption opac-
ity when the monomer size parameter becomes
large for the BCCA and BPCA models. Although
it seems to be able to reproduce scattering opac-
ity of BPCA, EMT significantly underestimates
the scattering opacity of BCCA when λ < 2piRg.
EMT shows prominent forward scattering (see Pa-
per I), and hence, EMT underestimates the effec-
tive albedo of BCCA by an order of magnitude
(see Section 4.1.2).
5. DHS does not reproduce the absorption and scat-
tering opacities of BCCA and BPCA at the wave-
lengths shorter than the size of dust aggregates
(see Section 4.1.3). This is presumably due to
the fact that these aggregates are porous enough
(porosity & 85%) so that the monomers tends
to govern the optical properties, whereas the
DHS method does not include the information
of monomer in the calculation.
6. Coagulation of dust particles leads to an enhance-
ment of the absorption opacity due to the prox-
imity effect. The enhanced absorption opacity of
dust aggregates in the Rayleigh domain obtained
by the TMM calculations can be roughly repro-
duced DHS with fmax = 0.5. However, it is im-
portant to keep in mind that our TMM estimates
of the absorption opacity in the Rayleigh domain
should be regarded as the lower limit (see Section
5).
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Table 3. Coefficients of the mean field for the first 5 orders of the RCCA model
n d¯
(1)
1,n d¯
(2)
1,n
1 0.352 + 0.245i 0.396 + 0.124i
2 0.419 + 0.119i 0.408 + 0.179i
3 0.388− 0.039i 0.448 + 0.093i
4 0.123− 0.111i 0.067− 0.079i
5 0.014− 0.024i 0.005− 0.009i
APPENDIX
A. BENCHMARK TEST OF MEAN FIELD THEORY CALCULATIONS
Coefficients A¯1,ν1,n, B¯
1,ν
1,n can by given by (Botet et al. 1997)
A¯1,ν1,n=
2ν + 1
n(n+ 1)ν(ν + 1)
n+ν∑
p=|n−ν|
[n(n+ 1) + ν(ν + 1)− p(p+ 1)]a(ν, n, p)sp(kRg) (A1)
B¯1,ν1,n = 2
2ν + 1
n(n+ 1)ν(ν + 1)
n+ν∑
p=|n−ν|
b(ν, n, p)sp(kRg). (A2)
a(ν, n, p) and b(ν, n, p) are defined by
a(ν, n, p) =
2p+ 1
2
∫ 1
−1
P 1ν (x)P
1
n(x)Pp(x)dx (A3)
b(ν, n, p) =
2p+ 1
2
∫ 1
−1
P 1ν (x)P
1
n(x)
dPp(x)
dx
dx (A4)
where Pmn (x) is the associated Legendre function. The structure of the dust aggregate is specified by
sp(kRg) =
pi2
k3
∫ ∞
0
uJp+1/2(u)H
(1)
p+1/2(u)g(u/k)du (A5)
where Jp+1/2(u) is the Bessel function, and H
(1)
p+1/2(u) is the Hankel function.
When p has the same parity with n + ν, the coefficient B always vanishes because integrand of Equation (A4)
becomes odd function, whereas the coefficient A becomes not-zero because integrand of Equation (A3) becomes even
function. On the other hand, when p does not have the same parity with n + ν, the coefficient A vanishes, whereas
the coefficient B becomes non-zero. Above parity argument is useful to speed up the computation of the mean field
values.
We numerically integrate a(ν, n, p), b(ν, n, p), and sp(kRg) instead of using recurrence relations given in Appendix
of Botet et al. (1997). In Table 3, mean field values of first 5 orders for reaction-limited cluster-cluster aggregates
(RCCA) model are shown. Parameters used to obtain the mean field values in Table 3 are as follows. RCCA has fractal
dimension of df = 2.0 and fractal prefactor of k0 = 0.825 (Botet et al. 1995). We adopt λ = 0.8 µm, R0 = 0.5 µm,
N = 64, and complex refractive index as m = 1.4 + 0.0001i. Although our results shows d¯
(1)
1,1 = (0.352, 0.245), whereas
Botet et al. (1997) shows d¯
(1)
1,1 = (0.996, 0.041) with the same parameters. We also compare our results to those
obtained by the mean field code implemented by Pascal Rannou, and two results agrees well. As a result, we speculate
that this mismatch is due to typographical errors in Botet et al. (1997), noting that it is impossible to check because
the original code is not available any more (Robert Botet and Pascal Rannou, in private communication).
B. TEST OF DIFFERENT CUT OFF MODELS OF TWO-POINTS CORRELATION FUNCTION
We investigate how the choice of cut-off models given in Equation (19) affects the value of the extinction opacity.
We calculate the extinction opacities of BCCA and BPCA. The monomer radius and the number of monomers are set
as R0 = 0.1 µm and N = 1024, respectively. The refractive index is assumed to be astronomical silicate.
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Figure 11. Extinction opacity for BCCA (left panel) and BPCA (right panel). Dots represent the TMM results, while lines
indicate the MFT results. Green, red, and blue lines represent the exponential cut-off model, the Gaussian cut-off model, and
the fractal dimension cut-off model, respectively (see Equation (19)).
Figure 11 shows the extinction opacities of the BCCA and BPCA models obtained by MFT. In the case of the BCCA
model, the FLDIM and GAUSS models show almost similar results, whereas the EXPTL model fails to reproduce the
extinction opacity obtained by TMM. For the BPCA model, both the GAUSS and FLDIM models can produce the
extinction cross section to an accuracy less than 20%. Therefore, we recommend to use the GAUSS or FLDIM cut-off
model. One advantage to use the GAUSS model is that integration of the static structure factor (see Equation (17))
can be done analytically (see Paper I), and hence, the fast computation is possible compared to the FLDIM model. On
the other hand, an advantage of using the FLDIM model is that it is slightly more accurate than the GAUSS model.
C. BEHAVIOR OF OPACITIES CALCULATED BY MFT
The behavior of MFT can be captured by considering a scalar wave scattering theory (Berry & Percival 1986).
Suppose the scalar wave incident on jth monomer can be denoted by ψj = cj exp[iki · rj ], where ki is the wave vector
of the (externally) incident light, rj is the position vector of jth monomer, and cj represents the effect of multiple
scattering, e.g., cj = 1 means single scattering. The mean field assumption implies that cj must be the same for every
monomer; hence, we write c = cj=constant. According to Berry & Percival (1986), the self-consistent solution to c
becomes
c = [1− (N − 1)τQ]−1, (C6)
where τ is related to the scattering amplitude of a single monomer via τ/k, and Q is a quantity that depends on
the aggregate structure and the wavelength (for more detail, see Berry & Percival 1986). For large N , the c value is
governed by the quantity NτQ. Berry & Percival (1986) showed that |NτQ| has following dependences:
|NτQ|∝ (kR0)3−df (df < 2), (C7)
|NτQ|∝kR0N1−2/df (df > 2). (C8)
It follows from Equations (C7,C8) that |NτQ| is irrelevant to N for df < 2, whereas |NτQ| increases with increasing
N for df > 2.
When |NτQ|  1, |c| ' 1, and hence, single scattering is the dominant process. In this case, MFT coincides with
the RGD theory. As increasing |NτQ|, the effect of multiple scattering increases. When |NτQ| is slightly less than
unity (still multiple scattering is sub-dominant), we have |c| > 1; hence multiple scattering strengthens the incident
field. It can be seen from Figure 1 that at the wavelengths where the phase shift is slightly smaller than unity, the
extinction opacities of MFT is slightly larger than those of the RGD theory. Once |NτQ| exceeds unity, |c| < 1. This
means that multiple scattering has a role in reducing the net incident field. Because multiple scattering weakens the
incident field, the extinction opacities obtained by the MFT become smaller than those of the RGD theory.
According to Berry & Percival (1986), scattering and absorption cross sections of MFT can be rewritten by
C(MFT)sca = |c|2C(RGD)sca , (C9)
C
(MFT)
abs = |c|2C(RGD)abs = |c|2NCabs,mono. (C10)
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It follows from Equations (C9 and C10) that single scattering albedo, ω = C
(MFT)
sca /C
(MFT)
ext , is irrelevant to multiple
scattering factor |c|. In other words, the albedo obtained by MFT is the same as that of the RGD theory. Since the
RGD theory is a single scattering theory, it is incapable of reproducing optical properties at the multiple scattering
domain (∆φ > 1). Therefore, the scattering and absorption opacities obtained by MFT becomes incorrect at the
multiple scattering domain.
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